We give algebraic proofs of some P D 3 -analogues of theorems on centralizers and normalizers of finitely generated subgroups of 3-manifold groups. In particular, we introduce the notion of open P D 3 -group, as an analogue of the fundamental group of an aspherical open 3-manifold, and we show that every strictly increasing sequence of centralizers in a P D 3 -group or open P D 3 -group has length at most 4. We show also that ascendant F P 2 subgroups of P D 3 -groups and open P D 3 -groups are usually normalized by a subgroup of finite index.
Introduction
In this paper, we shall consider centralizers and normalizers of subgroups of P D 3 -groups and "open" P D 3 -groups (as defined below). In Section 3, we show that there are essentially three types of pairs {C, H } where C = C G (H ) is the centralizer of a subgroup of a P D 3 -group G and H = C G (C) is the maximal subgroup centralized by C, and in Theorem 4 we adapt an argument of Kropholler to show that every strictly increasing chain of centralizers in a P D 3 -group has length at most 4. (This bound is best possible.) In Section 4, we consider the normalizer N G (A) of an infinite cyclic subgroup A in a P D 3 -group or open P D 3 -group G; the main result here is due to Castel [6] , who showed that either N G (A) is finitely generated or that G has a nonfinitely generated abelian subgroup. In Section 5, we show that if K is a noncyclic F P 2 subgroup of G then either [N G (K) : K] is finite or K is free and N G (K)/K is virtually Z or K is a P D 2 -group, G is a P D 3 -group and N G (K) has finite index in G. In Section 6, we show that if K is an ascendant F P 2 subgroup of G then either N G (K) has finite index in G or KZ and G is virtually poly-Z. In Section 7, we give a short proof of a theorem of Heil on normalizers of subgroups of 3-manifold groups represented by incompressible surfaces. Our methods are homological, and provide algebraic arguments for some known results on subgroups of 3-manifold groups [11, 13, 17, 24] . (We do however use some topological/geometric results from [7] in the proof of Theorem 4.)
Notation and terminology
Let G , G and √ G be the commutator subgroup, centre and Hirsch-Plotkin radical of the group G, respectively. A group G virtually has some property (inherited by subgroups of finite index) if it has a subgroup of finite index with that property. In particular, if G is virtually FP it has an FP subgroup K of finite index and the rational Euler characteristic (G) = (K)/[G : K] is well defined [26] . A P D n -group pair (G, S) consists of a group G (the ambient group) and a finite set S of conjugacy classes of monomorphisms : S → G (for various groups S) satisfying a form of Poincaré-Lefshetz duality [3] . If S is nonempty then c.d.G = n − 1 and for each ∈ S the domain S is a P D n−1 -group. If H is a subgroup of finite index in G there is an induced P D n -group pair (H, S H ). The pair (G, S) is atoroidal if every virtually poly-Z subgroup of G of Hirsch length n − 1 is conjugate to a subgroup of a boundary component (S), for some ∈ S. In particular, a P D 3 -group G with no abelian subgroup of rank > 1 is atoroidal. The pair (G, S) is of generalized Seifert type if G has a normal, virtually poly-Z subgroup N of Hirsch length n − 2. A P D 3 -pair of generalized Seifert type is the fundamental group system of an aspherical Seifert fibred 3-manifold. (See [14] for the bounded case and [5] for the more difficult absolute case.)
These notions are algebraic analogues of aspherical manifolds and manifold pairs (with
is an inclusion-reversing involution on the set of centralizers of subgroups of G, and H • is the unique maximal subgroup centralized by C G (H ). Let F (r) be the free group of rank r and let Kb = x, y | xyx −1 = y −1 be the Klein bottle group.
Proof. Let z ∈ G be a nontrivial central element and let Q = G/ z . Then H 2 (Q; Z[Q])Z, by an LHS spectral sequence argument, and so Q is virtually a P D 2 -group [5] . Moreover Q is infinite, since G is not cyclic. Therefore G is virtually poly-Z. Since G is not cyclic it has rank at least 2, and so G is virtually Z 3 . The lemma now follows easily.
Theorem 2. Let G be a P D 3 -group. If H is a nontrivial subgroup and C G (H ) = 1 then either (1) C G (H ) = H • and is a maximal abelian subgroup of rank
which case H is a P D 2 -group and C G (H )Z, or H and C G (H ) are both free, in which case we again have C G (H )Z, since H = Z and P D 3 -groups do not contain products of nonabelian free groups [21] . Thus we may assume that [2] , and so
If c.d.C G (H ) = 3 then, arguing as for (3), we see that either H • Z and is normal in G, so [G : C G (H )] 2 and (5) holds, or G is virtually Z 3 .
If none of the above five cases apply then G is virtually Z 3 , and then examination of the 10 such groups G shows that nonabelian centralizers have finite index in G, so cases (2) and (4) cannot occur, and the remaining possibilities are as in (6) and (7).
In particular, a centralizer C G (H ) is never a nonabelian free group. The pairs of cases (2) and (4), (3) and (5), and (6) and (7) are interchanged on applying "C G (−)", while case (1) is invariant under this involution.
Let G = 3 1 * Z 2 4 1 be obtained by amalgamating the trefoil and figure-eight knot groups along their peripheral groups, and let H be the image of 3 1 and H Z the subgroup generated by a nontrivial element of 4 1 which is not conjugate to a peripheral element. Then C G ( H ) = H and C G (H )Z = H are examples representing cases (1) and (2) . The common Z 2 subgroup in the amalgamation of two copies of 4 1 gives an example of rank 2 in case (1) . If C is a P D 2 -group with trivial centre then G = C × Z, gives an example for cases (3) and (5). (1) C G (K) is finitely generated for all infinite cyclic subgroups K < G; (2) C G (H ) is finitely generated for all subgroups H < G; (3) Every abelian subgroup of G is finitely generated.
Proof. We may assume that G is not virtually poly-Z, since all subgroups of such groups are finitely generated. Suppose first that (1) holds. Then (2) follows immediately from the theorem if H Z 2 or if H is nonabelian, for then C G (H )Z 2 or Z or 1, respectively. Suppose that H is abelian of rank 1, but is not finitely generated. Let K be an infinite cyclic subgroup of H. [5] . In either case the torsion subgroups of C G (K)/K are finite, and so H must be finitely generated, contrary to the assumption. Thus (1) implies (2) and (3).
Clearly (2) implies (1), while Castel showed in Theorem 1.1 of Castel [6] that if (3) holds then G has no nontrivial infinitely divisible elements, and hence (1) holds.
The conditions of this theorem hold if G is the fundamental group of a Haken 3-manifold, by Corollary VI.1.7 of Jaco and Shalen [17] . All known abelian subgroups of P D 3 -groups are finitely generated.
Kropholler showed that if M is a 3-manifold every strictly increasing sequence of cen-
has length n at most 16, while if M is aspherical n 11 [19] . (Note that in [19] such a sequence is said to have length n + 1.) Using the JSJ decomposition theory of Scott and Swarup [25] , Castel has shown that every such sequence of centralizers in a P D 3 -group is finite [6] . We shall reprove and sharpen this result. (As we do not rely on [25] , this provides an independent extension of Kropholler's torus theorem for P D 3 -group pairs with max-c [20] to the general case.) Our argument follows Lemma 8 of Kropholler [19] closely, using the geometry of plane isometry groups instead of imbedding flat 3-manifold groups in matrix groups and using the algebraic Core Theorem of Kapovich and Kleiner [18] rather than the 3-manifold version. Proof. Suppose first that G has an infinite cyclic normal subgroup N. A spectral sequence argument shows that H 2 (G/N ; Z[G/N ])Z, and so G/N is virtually a P D 2 -group [5] . We may assume that G/N has no finite normal subgroup, and hence is isomorphic to a discrete cocompact group of isometries of the euclidean or hyperbolic plane [7] . Proper centralizers in such groups are maximal abelian: cyclic, (Z/2) 2 , Z ⊕ Z/2Z or Z 2 , the latter in the euclidean case only. It follows easily that chains of centralizers in C G (N ) have length at most 2, and hence that chains of centralizers in G have length at most 3.
Suppose now that G has no infinite cyclic normal subgroup, and that G has a centralizer
(This argument is from Lemma 7 of Kropholler [19] .) Relabelling, we let C 1 < C 2 denote such a nested pair of proper centralizers. Since G has no infinite cyclic normal subgroup [G :
Let H be a finitely generated subgroup of C 2 such that Z 1 < H ∩ C 1 < H and (H ∩ C 1 )/Z 1 is infinite and nonabelian. Then Z 2 H < Z 1 and so H has one end, since it has nontrivial centre but is not virtually Z. Moreover H/ H is virtually free, by Theorem 8.4 of Bieri [2] , since c.d.H 2 and H Z. Hence H is finitely presentable. Therefore, H is the ambient group of a P D 3 -pair (H, T) [18] . Doubling H along T givesa P D 3 -group DH with nontrivial centre [3] . Proper centralizers in DH / DH are abelian, as in the first paragraph. But (H ∩ C 1 )/ H is nonabelian and centralizes the nontrivial subgroup Z 1 / H . Thus every centralizer sequence in G has length at most 4. The bound 4 is best possible. For let M be the 3-manifold obtained by replacing a neighbourhood of an S 1 -fibre in S 1 × S 1 × S 1 by the exterior of a hyperbolic knot K.
(It follows easily from the argument for Theorem 4 that the middle term of any centralizer sequence of length 4 must be a self-centralizing maximal abelian subgroup.)
If the fundamental group G of an open 3-manifold is not finitely generated and has nontrivial centre then G is torsion-free and either G is abelian of rank 1 or GZ [24] . The arguments of Theorem 2 extend easily to show that if G is an open P D 3 -group and H is a nontrivial subgroup with nontrivial centralizer then either (1), (2) or (4) holds. (Instead of appealing to [21] to exclude nonabelian free groups as centralizers we need only observe that in an open P D 3 -group every F P 2 subgroup C has (C) 0.) The argument of the second paragraph of Theorem 4 applies almost without change to show that any centralizer sequence in an open P D 3 -group has length at most 4. This estimate is again best possible, for the fundamental group Z F (2) of the nontrivial S 1 -bundle over the once-punctured torus has a centralizer sequence of length 4.
If is an automorphism of finite order of a finitely generated free group F the semidirect product F Z has cohomological dimension 2 and nontrivial centre. It is easy to find examples of such groups with proper nonabelian centralizers. Thus, some additional topological input (such as the appeal to [7] ) appears necessary for the final step of Kropholler's argument.
Normalizers of rank 1 abelian subgroups
If H is a subgroup of a group G let N G (H ) denote the normalizer of H in G.
The action of N G (H ) on H by conjugation induces a homomorphism from N G (H ) to Aut(H ), with kernel C G (H ).
Let G be a P D 3 -group and A < G an infinite cyclic subgroup. Then Aut(A)={±1} and so
In the latter case G is the fundamental group of an aspherical closed Seifert fibred 3-manifold and either A is normal in G or G is virtually poly-Z [15] .
If C = C G (A) is not finitely generated then it is a rank 1 abelian group, by Theorem 1.1 of Castel [6] , and so is maximal abelian, by Theorem 2. The quotient
and hence is free abelian (since N G (C) is torsion-free). Hence [G : N G (C)]
is infinite. For otherwise G would be virtually solvable and hence virtually poly-Z, by Theorem 9.23 of Bieri [2] , and so every subgroup of G would be finitely generated. Suppose that C < N G (C) and choose elements c ∈ C − {1} and n ∈ N G (C) − C. The subgroup H generated by {c, n} is a finitely generated solvable group of cohomological dimension 2. Since H is not virtually abelian it has a presentation t, x | txt −1 = x r , for some r = 0 or ±1 [9] . As H is finitely presentable and has one end it is the ambient group of a P D 3 -pair [18] . But this is impossible, and so C = N G (C). In particular, no such subgroup A is normal in G.
Mess has shown that for every n 5 there are aspherical closed n-manifolds whose fundamental groups have nonfinitely generated abelian subgroups, by embedding a suitable finite aspherical 2-complex in R n and applying the reflection group trick of Davis to the boundary of a regular neighbourhood of the image [23] . Since any such 2-complex is homotopy equivalent to a compact aspherical 4-manifold with boundary, obtained by at- Proof. We may assume that K is not free, and so c.
Then G/K is locally finite, by Corollary 8.6 of Bieri [2] , and so G is the increasing union of a (possibly finite) sequence of F P 2 subgroups 
Theorem 7. Let G be a P D 3 -group with an F P 2 subgroup K which is a nontrivial free product but is not free. Then [N G (K) : K] is finite and C G (K) = 1.
Proof. Since K has infinitely many ends c.d.N G (K) 2, by a spectral sequence corner argument and Poincaré duality [15] , and since K is not free c.
is finite, by Lemma 6. Since nontrivial-free products have trivial centre and G is torsion-free it follows that C G (K) = 1.
Theorem 8. Let G be a P D 3 -group. If F is a finitely generated nonabelian free subgroup of G then N G (F ) is finitely generated and N G (F )/F is finite or virtually Z. Moreover C G (F )Z or 1.
Proof. Since F is not cyclic c.d.N G (F ) 2 [15] . Let H be a finitely generated subgroup of N G (F ) which contains F. Then H/F is virtually free, by Theorem 8.4 of Bieri [2] , and so H is finitely presentable. [10] . Therefore N G (F )/F is virtually Z.
In particular, (H ) = (F ) (H /F ). Now (H ) 0 (see [18, Section 9]). Since (F ) < 0 this is only possible if (H /F ) 0. Therefore either H/F is finite, in which case H is free and [H : F ] = (F )/ (H ) | (F )|, or H/F is virtually Z and H has one end. In particular, if N G (F )/F is locally finite it is finite (and [N G (F ) : F ] | (F )|). Hence, we may assume that N G (F ) is the union of an increasing sequence

Since C G (F ) ∩ F = F is trivial projection to N G (F )/F is injective on C G (F ), and so C G (F ) is infinite cyclic or trivial.
After replacing F by a finite extensionF with [F : F ] maximal, if necessary, we may assume that either F =N G (F ) or that N G (F )/F Z or D ∞ =(Z/2Z) * (Z/2Z), the infinite dihedral group. Both possibilities can occur; if G = K × Z, where K is a P D 2 -group and (K) < 0 then any noncyclic 2-generator subgroup F of K is free and its normalizer in G is the direct product F × Z. The fundamental group of a closed hyperbolic 3-manifold M is atoroidal. If moreover 1 (M; Z) 3 then G = 1 (M) has noncyclic 2-generator subgroups, and every such subgroup F has infinite index. Hence F is free, by Theorem VI.4.1 of Jaco and Shalen [17] , and F = N G (F ), for otherwise [N G (F ) : F ] would be infinite and G would contain a copy of Z 2 , by the argument of the Corollary below.
Can the fact that (H ) 0 be proven directly without appeal to [18] ?
Corollary 9. If G is an atoroidal P D 3 -group and F is a finitely generated nonabelian free subgroup of G then [N G (F ) : F ] is finite.
Proof. If [N G (F ) : F ] is infinite then N G (F )
is the ambient group of a P D 3 -pair with nonempty boundary, by Theorem 1.3 of Kapovich and Kleiner [18] , and N G (F )/F is virtually Z. Since (N G (F )) = (F ) (N G (F )/F ) = 0 the boundary components are copies of Z 2 or Z×Z, contrary to the hypothesis that G be atoroidal.
More generally, if G has no P D 2 -subgroup of genus less than k, and H is a one-ended F P 2 subgroup of infinite index in G then Theorem 1.3 of Kapovich and Kleiner [18] implies that (H ) 1 − k. Hence H has deficiency at least k. Now a k-generator group with deficiency k is free, by Corollary 5.14.2 of Magnus et al. [22] . It follows easily that if H is an F P 2 subgroup of infinite index which is generated by at most k elements then H is free. In particular, if G is atoroidal all 2-generator subgroups of infinite index are free. (This argument is essentially from [1] .)
If F G are as in Theorem 8 and
is the ambient group of a P D 3 -pair with nonempty boundary and a nontrivial finitely generated normal subgroup, by Theorem 1.3 of Kapovich and Kleiner [18] . Such pairs are considered in Theorem 2 of Hillman [15] . Here, we shall use the multiplicity of the rational Euler characteristic to simplify the proof of this result, and we shall correct two minor errors (in the finiteness hypothesis on N and in the description of the pair (N, N) ). If NZ then (on passing to a subgroup of finite index in G, if necessary) we may assume that N is central in G and that G/N is free. Then GN × (G/N ) . Choose a splitting p : G → N and let F = Ker(p) and T = { F : −1 (F ) → F | ∈ S}. Then F is a finitely generated free group and each subgroup −1 (F ) is infinite cyclic. Let K=N ∩ ∈S (S) and H =K.F K×F . Then KZ and c.d.(F, T) 
is a subgroup H of finite index in G and a P D 2 -group pair (F, T) such that (H, S H )Z × (F, T); (4) if rank(N ) > 1 then G/N has two ends, S determines a finite set N of conjugacy classes of monomorphisms from Z to N, so that (N, N) is a P D
, by Theorem 7.3 of Bieri and Eckmann [3] .
If N has rank > 1 then (N ) < 0, so (G/N ) = 0 and G/N is virtually Z. For each ∈ S the coset space G/N (S) is finite. Let T ⊂ G be a transversal to this coset space. Let N be the set of conjugacy classes in N of the embeddings c t | S N : S N → N , taken over all ∈ S and t ∈ T . (Here c t is the automorphism of N determined by conjugation by t in G). A spectral sequence argument gives H 2 (N, N; Z[N ])Z. Since N is finitely generated free and S N Z for all S ∈ S, the pair (N, N) is a P D 2 -group pair, by Theorem 6.2 of Bieri and Eckmann [3] . Hence rank(N ) N − 1 S − 1.
If N Z then G is the fundamental group of a Seifert fibre space M with nonempty boundary, and the members of S correspond bijectively to the conjugacy classes of inclusions of 1 (N ) into 1 (M) , for all boundary components N of M. If N has rank > 1 then G has a normal subgroupN which contains N as a subgroup of finite index and such that G/NZ or D ∞ , and so G is virtually the group of a surface bundle over a circle. (As in the closed case, it is easy to construct examples with G/N D ∞ from unions of twisted I-bundles over bounded surfaces). In [14, 15] these results are deduced by "doubling" arguments from the corresponding results for closed surfaces and 3-manifolds. Are there more direct arguments?
Let G = x, t | xtxtx = t 2 and let S = { }, where : S = Z 2 → G is determined by (1, 0) = x and (0, 1) = t 3 . Then (G, S) is a P D 3 -pair. (It is the group system of the mapping torus of a rotation of the thrice-punctured sphere which permutes the punctures.) The normal subgroup N = x is free of rank 2 > S − 1 = 0, and N has three elements represented by | S N , c t | S N and (c t )
2 | S N (corresponding to the cosets in G/N (S)Z/3Z).
Ascendant FP 2 subgroups
A subgroup K of a group G is ascendant if there is an increasing sequence of subgoups N , indexed by an ordinal +1, such that N 0 =K, N is normal in N +1 if < , N = < N for all limit ordinals and N = G. Such ascendant series are well suited to arguments by transfinite induction. For instance, it is easily seen that √ K √ N , for all . We may extend Lemma 6 to ascendant F P 2 subgroups.
Lemma 11. Let G be a group such that c.d.G=2 and let K be an ascendant F P 2 subgroup of G. Then either [G : K] is finite or K is free.
Proof. We may assume that K is not free, and so c.
. Hence N j is F P 2 and [N j +1 : N j ] is finite, for all finite ordinals j , by Lemma 6. Theorem 3.3 of Gildenhuys and Strebel [10] again implies that if is the first limit ordinal then ∪ j< ∩ N j is finitely generated. Hence the sequence is finite and so [G : K] is finite.
It follows from Lemma 5, Theorems 7 and 8 that if H is an F P 2 subgroup of a P D 3 -group G and N G (H ) is not finitely generated then H Z. Our next theorem extends this result.
Theorem 12. Let G be an open
P D 3 -group. If K is a nontrivial F P 2 ascendant subgroup of G then either (1) G is F P 2 , c.d.G = 2 and [G : K] is finite; or (2) G is F P 2 , K
is a free group and [G : N G (K)] is finite; or (3) KZ and is normal in G.
Proof. Let K = N 0 < · · · < N < · · · < N = G be an ascendant sequence. We may assume that K is free, by Lemma 11. Suppose first that K is nonabelian. If [N : K] is finite then
: N ]=∞} is a finite ordinal. Then N j is a finitely generated free group. We may argue as in Theorem 8 that N j +1 /N j must be virtually Z. In particular, N j +1 is F P 2 and c.d.N j +1 = 2. Since the subsequence N j +1 < · · · < N < · · · G is ascendant [G : N j +1 ] is finite, by Lemma 11, and so G is F P 2 also. Since N j is finitely generated it has only finitely many subgroups of index [N j : K]. Therefore, N G (K) ∩ N j +1 has finite index in N j +1 and so [G : N G (K)] is finite. Hence either [G : K] is finite or K is free, by Corollary 8.6 of Bieri [2] .
If KZ then K √ N , for all , and so
is finite, by Lemma 11, so GZ 2 or Z×Z. Otherwise √ G is a nonfinitely generated rank 1 abelian group. In the latter case
, by Theorem 8.8 of Bieri [2] , and Aut( √ G) is abelian, so G is solvable. If G is finitely generated it is F P 2 and one-ended [9] , and so is the ambient group of a P D 3 -pair (G, S) (by the definition of open P D 3 -group). Since c.d.G < 3 the set S is nonempty, and so Z 2 is a subgroup of G. It follows easily that GZ 2 or Z×Z, contradicting the hypothesis on √ G. Hence G is not finitely generated, and so is a rank 1 abelian group [9] . In this case K is again normal in G.
The corresponding result for normal subgroups of the fundamental group of an open 3-manifold is due to Scott [24] . (Our argument and that of Scott have some parallel features.) Scott's argument was extended to subnormal subgroups by Elkalla, who showed that if G is a nonfinitely generated 3-manifold group with subgroups 1 = N U < G such that N is subnormal in G and U is finitely generated then N is normal in G and is infinite cyclic [8] . When N = U this follows from Theorem 12, since 3-manifold groups are coherent.
Elkalla gave also a comparable result for the closed case, which required a residual finiteness hypothesis. In [4] , it was shown that if H is an F P 2 subnormal subgroup of infinite index in a P D 3 -group then either H Z and is normal in G or H is a P D 2 -group and [G : N G (H )] is finite or G is virtually poly-Z. (Neither the main result of Elkalla [8] nor the result of Bieri and Hillman [4] fully encompasses the other.) We shall extend the result of Bieri and Hillman [4] to the ascendant case, for P D 3 -groups G, relying ultimately on the characterization of normal subgroups [15] . 
Corollary 13. If G is a P D 3 -group and K is a nontrivial F P 2 ascendant subgroup of infinite index in G then either K is a P D 2 -group and [G : N G (K)] is finite or KZ and K is normal in G or KZ and G is virtually poly-Z.
K] is infinite and K has one end K is a P D 2 -group, by a spectral sequence corner argument [15] . If N −1 is free N is F P 2 and one-ended, by Theorem 8, and so is a P D 2 -group, by the argument just given. Hence N −1 Z and so KZ. This is also the case if N is not finitely generated, by Lemma 5 and Theorems 7 and 8. Hence K √ G, and so either √ GZ and K is normal in G or G is virtually poly-Z, by Theorem 2.13 of Hillman [16] .
Every such group G is either the group of a Seifert fibred 3-manifold or is virtually the group of a surface bundle over S 1 .
Splitting PD 2 -subgroups with nontrivial normalizers
Let F be an incompressible closed 2-sided surface in a P 2 -irreducible 3-manifold M. Then either F ⊆ jM or G = 1 (M) splits as an HNN extension A * H or free product with amalgamation A * H B, where H is the image of 1 (F ) in G. Moreover, either M is the total space of an F-bundle over S 1 or F bounds a submanifold of M which is the total space of a twisted I-bundle over a closed surface or H =N G (H ) [11] . (The cases with F a bounded surface are considered in [12] .) In particular, either
We shall give a short algebraic proof for the P D 3 -group case. (Here we must replace the topological hypothesis "M has an incompressible embedded surface F", by the algebraic consequence "G splits over a subgroup H".) i . (We may assume that x 1 = 1, so that H 1 = H .) Then (H, {H i }) is also a P D 3 -pair, by Theorem 7.6 of Bieri and Eckmann [3] . On considering the exact sequence of homology for the pair with coefficients F 2 we see that this is possible only if n = 2, in which case [A : H ] = 2 and H is normal in A. The inclusion of H in A can be realized by a 2-fold covering map of surfaces, and the mapping cylinder of this map is a twisted I-bundle with group system (A, H ). (An argument based on Theorem 7.6 of Bieri and Eckmann [3] shows that this holds also when (H ) = 0.) Similarly, if G is a nontrivial HNN extension with base A and associated subgroups H and (H ), where H is F P 2 and has one end, and [G : N G (H )] is finite then G is the group of a surface bundle, and H is normal in G and is the image of the group of a fibre.
In the final corollary we need to assume that the group splits over a surface group. (There is again a similar result for HNN extensions.) 
